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Abstract
Theupwind schemes play an important role inCFD. In this paper, somehighorder schemes are constructedwithout
expanding the stencil and by modifying coefﬁcients (MC) of the upwind schemes. According to our theoretical
analysis, we show that MC approach preserves the desirable properties which the underlying schemes possess. We
apply these new schemes to the linear scalar equation, Burgers equation and the hyperbolic system of conservation
laws for simulating Rayleigh–Taylor instability, and show that MC approach increases the accurate order and
improves efﬁciency in comparison with the underlying scheme.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
It is well known that themonotone and ﬁrst-order upwind schemes are stable, consistent and convergent
when they satisfy the CFL condition. But they are too dissipative, therefore they cannot produce accurate
solutions for complex ﬂow ﬁelds without using very ﬁne grids. Based on ﬁrst-order accurate upwind
schemes, some high order schemes (such as the Lax–Wendroff scheme, the Warming–Bean scheme,
the Leap-frog scheme, etc.) were presented, but these schemes lose the TVD property, and produce
spurious oscillation near discontinuities (see [1]). For overcoming these defects, some high order shock-
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capturing schemeswere presented (such asTVDmethods and essentially non-oscillatory (ENO) schemes,
etc.). These schemes have been found to give good numerical results for a wide class of problems con-
taining both shocks and complicated smooth solution structures (see [2,5–8]). In 1992, Chen et al. [2,4]
developed the exponential difference scheme, which is an efﬁcient high order scheme and yields good nu-
merical solutions for differential equations. Presently, Gao [3] andmany other researchers have developed
the perturbation ﬁnite difference (PFD) scheme which expand both differential terms and coefﬁcients of
differential equations. Gupta [6] developed some high accuracy ﬁnite difference approximations (compact
type) and applied them to solve Navier–Stokes equations. Li et al. [10] developed a compact fourth-order
ﬁnite-difference scheme which works well for the steady incompressible Navier–Stokes equations.
In this paper, we devote our attention to the modifying coefﬁcient (MC) schemes which are named
as “MCupwind” based on upwind schemes. These schemes have been successfully used for simulating
Rayleigh–Taylor instability problems, and work well both for the linear scalar equation and the Burgers
equation.
The outline of this paper is as follows: In Section 2, we ﬁrst present the second-order MC scheme
based on the upwind scheme for the scalar equations, and obtain some sufﬁcient conditions for preserving
upwind and TVD properties. In Section 3, we present the MC schemes based on upwind schemes for the
nonlinear hyperbolic system of conservation laws.We end in Section 4 by listing some numerical results.
These results show that our MC schemes based on upwind schemes for both the scalar equation, and the
hyperbolic system of conservation laws are of high resolution, higher order accuracy and great efﬁciency.
2. MCupwind scheme for scalar equations
In this section, we consider the scalar equation

t
+ u 
x
+ v 
y
= 0, (2.1)
where u and v depend on x, y and t .
On the computational grid: xi = ix, yj = jy, tn+1 = tn +tn+1, we use ni,j to denote the computed
approximation to the exact solution (xi, yj , tn).
Applying the ﬁrst-order upwind scheme to (2.1) yields

t
+ u+ 
n
i,j − ni−1,j
x
+ u− 
n
i+1,j − ni,j
x
+ v+ 
n
i,j − ni,j−1
y
+ v− 
n
i,j+1 − ni,j
y
= 0, (2.2)
where u+ = u+|u|2 , u− = u−|u|2 , v+ = v+|v|2 , v− = v−|v|2 , 1 is a given constant ( = 1 for classical
case), the dissipative coefﬁcients |u| and |v| are independent of tn.
The MCupwind scheme is simply obtained from (2.2) by substituting
u± = u ± |u| + xx
2
, v± = v ± |v| + yy
2
(2.3)
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for the corresponding u± and v± in (2.2). Thus we have

t
+ u 
n
i+1,j − ni−1,j
2x
+ xx
ni+1,j − ni−1,j
2x
− |u| 
n
i+1,j − 2ni,j + ni−1,j
2x
+ v 
n
i,j+1 − ni,j−1
2y
+ yy
ni,j+1 − ni,j−1
2y
− |v| 
n
i,j+1 − 2ni,j + ni,j−1
2y
= 0. (2.4)
Especially, if x = y = 0, scheme (2.4) degenerates to the ﬁrst-order upwind scheme.
Proposition 2.1. Let x = 0, y = 0. If
x =
|u|
2
2
x2
/

x
+ O(x),
y =
|v|
2
2
y2
/

y
+ O(y), (2.5)
then MCupwind scheme (2.4) is of second-order accuracy for the spacial discretization of (2.1).
Proposition 2.2. If MCupwind scheme (2.4) satisﬁes the conditions
u + |u| + xx0, u − |u| + xx < 0,
v + |v| + yy0, v − |v| + yy < 0 (2.6)
or the stronger conditions
|xx|<( − 1)|u|, |yy|<( − 1)|v|, (2.7)
then this scheme is an upwind-type scheme. If (2.6) does not hold, we let x(ory)= 0, then scheme (2.4)
degenerates to the ﬁrst-order upwind scheme.
Proposition 2.3. If
 max{|u|, |v|} · t min{x,y}−1 < 1 (2.8)
and the conditions in (2.6) are satisﬁed, then the MCupwind scheme is a TVD scheme.
Conclusion 2.1. (1) If MCupwind scheme (2.4) satisﬁes (2.5), (2.6) and (2.8), then it is a second-order
monotone scheme. (2) If x =0, or y =0, or (2.6) does not hold (e.g. (xi, yj ) is an extremum, or (xi, yj )
is near discontinuities), then scheme (2.4) degenerates to the ﬁrst-order upwind scheme automatically
while x = 0(or y = 0).
Proof. It is evident that part (1) in conclusion 2.1. For part (2), if the function (x, y) takes an extremum
at (xi, yj ), then we can get x(ory) → ∞(x → 0) from (2.5), thus (2.6) does not hold, moreover, (2.4)
degenerates to the ﬁrst-order upwind scheme. If the function (x, y) has a discontinuity near (xi, yj ),
we can get xx(oryy) → ±|u|(or|v|) from (2.5), thus (2.6) does not hold, and scheme (2.4)
degenerates to the ﬁrst-order upwind scheme. 
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Remark 1. In this section, we can replace |u| and |v| by x and y , respectively, where x > |u| and
y > |v|. We use +max(|ui−1,j |, |ui,j |, |ui+1,j |) and +max(|vi,j−1|, |vi,j |, |vi,j+1|) as the substitutes
of |u| and |v| in our programs, where  is a positive constant given by users with their experience.
Remark 2. If u and v are constants, u> 0 and v > 0, then we can get a more simple MCupwind scheme
t + (u + x)
i,j − i−1,j
x
+ (v + y)
i,j − i,j−1
y
. (2.9)
Moreover, by means of the Taylor expanding, we can show that (2.9) is a monotone scheme if
x =
ux2
2
2
x2
i,j − i−1,j
+ O(x2),
y =
vy2
2
2
y2
i,j − i,j−1
+ O(y2) (2.10)
and
u + x > 0,
(u + x) dt < dx,
v + y > 0,
(v + y) dt < dy. (2.11)
3. MCupwind scheme for system of conservation laws
We now solve the hyperbolic system of conservation laws
Ut +
∑d
i=1 Fi(U)xi = G˜(u, x, t),
U(x, 0) = U0(x), (3.1)
where U = (u1, u2, . . . , un)T, x = (x1, x2, . . . , xd)T, and any real linear combination of the Jacobian
matrices
∑d
i=1 i(
Fi
U ) has only real eigenvalues.
Simply, we focus our discussion on the one-dimensional hyperbolic system of conservation laws with
n = 3, d = 1 in (3.1) on the computational grid: xi = ix, tn+1 = tn + tn+1. Let U = (,m,E)T,
F(U) = (m, m2 + p, m (E + p))T, G˜(u, x, t) = 0, here m = u, p = ( − 1), u,  and  denote the
velocity, internal energy in unit mass and the ratio of speciﬁc heat, respectively. The Jacobian matrix J
of (3.1) is
J = [Jij ]3×3 = F(U)
U
=
⎛
⎜⎜⎜⎝
0 1 0
( − 3)m2
22
−( − 3)m

 − 1
− mE
2
+ ( − 1)m
3
3

E

− 3m
2( − 1)
22

m

⎞
⎟⎟⎟⎠ . (3.2)
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The ﬁrst-order upwind scheme can be written as
Ut + J+ Ui − Ui−1
x
+ J− Ui+1 − Ui
x
= 0, (3.3)
where J+ = J+I2 , J− = J−I2 , 1. I denotes the identity matrix, = +max{|J11|, |J22|, |J33|},  is
a positive constant given by users with their experience. Clearly, other possible candidates for || exist,
for example, see [11–13].
Moreover, the ﬁrst equation of (3.3) becomes

t
+ +1
i − i−1
x
+ J12
2
mi − mi−1
x
+ J13
2
Ei − Ei−1
x
+ −1
i+1 − i
x
+ J12
2
mi+1 − mi
x
+ J13
2
Ei+1 − Ei
x
= 0, (3.4)
where +1 = J11+2 , −1 = J11−2 .
By a similar process to that of Section 2, we replace +1 and 
−
1 by
+1 =
J11 +  + 1x
2
, −1 =
J11 −  + 1x
2
(3.5)
in (3.4), respectively, then we will get the MC upwind scheme for the one-dimensional system of hyper-
bolic conservation laws.
If
1 =

2
2
x2

x
(3.6)
and
J11 +  + 1x0,
J11 −  + 1x < 0 (3.7)
and
t/x < 1 (for the time discretization), (3.8)
then (3.4) is a TVD scheme of second-order accuracy.
By using the same analysis, we can get
2 =

2
2m
x2
m
x
, (3.9)
3 =

2
2E
x2
E
x
(3.10)
for the second equation and the third equation of (3.3), respectively, and they satisfy the conditions similar
to that satisﬁed by 1 in (3.7).
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4. Numerical results
In the following numerical experiments, we use the ﬁrst-order upwind scheme, the second-orderMCup-
wind scheme, the second-order essentially non-oscillatory local Lax–Friedrichs scheme (simply named
as ENO LLF, see [11]), and the second-order TVD scheme (which is obtained by replacing m function
of ENO LLF by the VanLeer limiter, see [11], simply named as TVD VL) for the spacial discretization.
And we use the two-step TVD Runge–Kutta method (which is just the classical Heun’s method) for the
time discretization (see [15,16]).
Example 1. Consider the linear scalar equation
ut + ux = 0 (4.1)
with the initial condition
u(x, 0) =
{
sin(4	x) if 0x0.5,
0 else. (4.2)
By Fig. 1, in comparison with the upwind scheme, the MCupwind scheme is closer to the exact solution.
In other words, the MCupwind scheme is of much less dissipation than that of the upwind scheme.
Therefore, the MCupwind scheme can reduce dissipation and improve the accurate order, and the MC
approach is successful.
Example 2. Consider the Burgers equation
ut +
(
u2
2
)
x
= 0, 0x2	. (4.3)
x
u
0
-0.75
-0.5
-0.25
0
0.25
0.5
0.75 upwind
MCupwind
exact
dx=1/160, cfl=0.5
21
Fig. 1. MCupwind for the linear scalar equation when t = 1.0.
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Fig. 2. Burgers equations.
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Fig. 3. Computational(physical) domain.
We take the periodic boundary condition and the initial condition
u(x, 0) = 0.3 + 0.7 sin(x). (4.4)
In Fig. 2, “ref. eno” denotes a numerical result computed by the ENO scheme with x = 2	/8000. For
the upwind scheme and the MCupwind scheme, x = 2	/80, cﬂ= 0.5.
By Fig. 2, the MCupwind scheme works better than the upwind scheme, and has some evident im-
provements in the smooth region. The given results accord with the theoretic analysis that the MCupwind
scheme automatically degenerates to (2.2) with ﬁrst-order accuracy at discontinuities (see conclusion
2.1). In addition, we can apply the MC approach to a high order scheme (e.g. ENO LLF) for improving
the results at discontinuity.
Example 3. The simulation of Rayleigh–Taylor instability with the ratio of density 1:3 (see [17]).
In Fig. 3, the computational (physical) domain denoted byD1 ∪D2 is [0, 100]×[0, 20]. The boundary
is denoted by 
 = 
OA ∪ 
OB ∪ 
AC ∪ 
BC ; for the right boundary 
AC , we use the free boundary
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Table 1
Some comparing results of three schemes at several different physical times
Scheme Physical time Left-most coordinate Width of Timestep Mass
of interface interface number in D1
TVDVL 0.5 47.3704687890 3.7149953259 0011194 999.88
MCupwind 0.5 47.3986461726 3.6916661399 0011195 1000.05
ENO LLF 0.5 47.4458174763 3.5898820278 0011192 999.86
TVDVL 1.0 41.7656127674 7.2113609339 0022076 999.31
MCupwind 1.0 42.0516466219 7.1670651879 0022159 1000.04
ENO LLF 1.0 41.9798048206 6.7489984852 0022425 999.61
TVDVL 1.5 35.9993922273 11.6231207976 0031160 998.99
MCupwind 1.5 36.3071262278 12.2507820076 0031471 1000.20
ENO LLF 1.5 36.5073468949 10.7442221930 0031946 999.82
condition (that is to say, the outﬂow condition); for the left boundary 
OB , the upper boundary 
BC and
the bottom boundary 
OA are all solid boundary, i.e. un(
OB)=0, vn(
OA)= vn(
BC)=0. Let the ratio
of speciﬁc heat =10, the non-dimensional gravitational acceleration g=40 be directed from domainD2
to D1, the meshes be 500×100, and the most meshes be distributed close to the interface. Four thousand
particles are used to track the interface by MC method, and these particles depends on their position
and velocity. The interface is described by the equation x = L2 + Acos(4	y ), where L = |OC| = 100,
 = |OB| = 20, A = 1.0 (see [9,10]).
Let n = 4, d = 2, U = (, u, v,E)T, G˜ = (0,−g, 0,−gu)T, F(U) = F1(U), G(U) = F2(U) in
(3.1), and p = ( − 1)(E − 12(u2 + v2)). The initial condition of (3.1) is pAC = (1+2)gL2 and
U(0, x, y) =
⎛
⎜⎝
1
0
0
p(0,x,y)
−1
⎞
⎟⎠ , (x, y) ∈ D1; U(0, x, y) =
⎛
⎜⎝
3
0
0
p(0,x,y)
−1
⎞
⎟⎠ , (x, y) ∈ D2.
If (x, y) ∈ D2, then p(0, x, y) = pAC + (L − x)2g. If (x, y) ∈ D1, then p(0, x, y) = pAC +
(L − xs)2g + (xs − x)1g, where the point (xs, y) lies on the interface. In addition, we use the ghost
ﬂuid method when the stencil spans both the domain D1 and the domain D2 (see [9]).
Table 1 shows that when t =0.5, the left-most coordinate of the interface and the width of the interface
(deﬁned by subtracting the left-most coordinate of the interface from the right-most coordinate of the
interface) of the MCupwind scheme are just between that of the TVD VL scheme and that of the ENO
LLF scheme. The maximum mass error (about 67 data for each scheme) in domain D1 is 1.36, 0.66 and
1.10 for TVDVL, MCupwind and ENO LLF, respectively.
By Fig. 4, when t = 0.5, we can hardly distinguish each other by position and shape by the eye. By
analyzing Fig. 4 and Table 1, we draw the conclusion that MCupwind is available for Rayleigh–Taylor
instability on at least its forepart evolution. When t = 1.0, the shape of the interface obtained by the
MCupwind scheme is smoother than that of the TVD VL scheme and the ENO LLF scheme, but the
MCupwind scheme cannot get sharp transition near the interface. When t = 1.5, the shape and position
of three schemes are different, they maybe behave one of the characters of real ﬂuids, respectively. By
comparing with the result shown in [14], TVDVL gives a better result, but it consumes more CUP time
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Fig. 4. The ratio of densities is 1:3.
than the other two schemes. In our numerical experiments, the ratio of CUP time for the MCupwind
scheme, the ENO LLF scheme and the TVDVL scheme is 1:1.5441:1.7629 in the ﬁrst 50 steps.
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